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APPROXIMATING FIXED POINTS OF ENRICHED
CHATTERJEA CONTRACTIONS BY KRASNOSELSKIJ
ITERATIVE METHOD IN BANACH SPACES
VASILE BERINDE AND MA˘DA˘LINA PA˘CURAR
Abstract. Using the technique of enrichment of contractive type
mappings by Krasnoselskij averaging, introduced in [Berinde, V.,
Approximating fixed points of enriched nonexpansive mappings by
Krasnoselskij iteration in Hilbert spaces, Carpathian J. Math. 35
(2019), no. 3, 277-288.], we introduce the class of enriched Chat-
terjea contractions and prove general fixed point theorems for such
contractions in the setting of a Banach space. Examples to illus-
trate the richness of the new class of contractions and the rela-
tionship between enriched Banach contractions, enriched Kannan
contractions and enriched Kannan contractions are also given.
1. Introduction
Let (X, d) be ametric space and T : X → X a mapping. Denote by
Fix (T ) the set of fixed points of T , i.e, Fix (T ) = {x ∈ X : Tx = x}.
For two distinct points x, y ∈ X , there exist six displacements:
d(Tx, Ty), d(x, y), d(x, Tx), d(y, Ty), d(x, Ty) and d(y, Tx). (1)
In order to obtain a fixed point result for such a mapping T , it turned
out that two or more displacements in the list (1) are to be used.
The first metrical fixed point theorem in literature has been estab-
lished by Banach in [2], in the setting of (what we call now) a Banach
space, and then extended to complete metric spaces by Caccioppoli
[33], and involves the first two of the displacements in (1):
d(Tx, Ty) ≤ c · d(x, y), ∀x, y ∈ X, (2)
where c is a constant, c ∈ [0, 1).
Picard-Banach contraction mapping principle states that, in a com-
plete metric space (X, d), if T : X → X is a Banach contraction, i.e.,
mapping which satisfies (2), then
(i) Fix (T ) = {p} and (ii) T n(x0)→ p as n→∞, for any x0 in X .
We remind that, see for example Rus [71], [72], a mapping T which
satisfies (i) and (ii) above is said to be a Picard operator.
By (2) we can see that any Banach contraction is continuous. This
fact together with the simplicity and flexibility of the contraction condi-
tion (2) made the contraction mapping principle one the most powerful
tools in nonlinear analysis.
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In 1968, Kannan [51], see also [52] established a fixed point theorem
which has exactly the same conclusion as Picard-Banach contraction
mapping principle but is based on a contractive condition that involves
three displacements from the list (1):
d(Tx, Ty) ≤ a [d(x, Tx) + d(y, Ty)] , ∀x, y ∈ X, (3)
where a is a constant, a ∈ [0, 1/2).
It is important to note that a Kannan contraction is in general
not continuous, see [51] and [61], for various examples. It is easy to
see that, if c <
1
3
, then any Picard-Banach contraction is a Kannan
mapping. Indeed, by (2) and triangle inequality, we have
d(Tx, Ty) ≤ c [d(x, Tx) + d(Tx, Ty) + d(Ty, y)]
⇔ d(Tx, Ty) ≤
c
1− c
[d(x, Tx) + d(y, Ty)] ,
and since
c
1− c
<
1
2
for c <
1
3
, inequality (3) holds for all x, y ∈ X .
Although both Banach and Kannan contractions are Picard op-
erators, however, the class of Kannan contractions in independent of
that of Picard-Banach contractions, see [58] and [65], for a comparison
of the main contraction type conditions related to Banach contraction
condition (2). Moreover, Banach and Kannan contractions also exhibit
a different behaviour with respect to the completeness of the ambient
space in the sense that, while Kannan contraction mapping princi-
ple characterises the metric completeness, see [78], Banach contraction
mapping principle does not, see [47].
Other fixed point theorems, related to Banach fixed point theorem
and Kannan fixed point theorem, have been subsequently established
by various authors, see [12], [34]-[44], [71], [75]. In 1972 [34], Chatterjea
introduced the following contraction condition:
d(Tx, Ty) ≤ b [d(x, Ty) + d(y, Tx)] , ∀x, y ∈ X, (4)
where b is a constant, b ∈ [0, 1/2).
In fact, all three contraction conditions presented above are inde-
pendent, see [58] and [65]. This fact enabled Zamfirescu, in 1972, to
formulate a very interesting fixed point theorem that involves all three
conditions (2), (3), (4) in an original way:
Theorem 1. Let (X, d) be a complete metric space and T : X −→ X
a map for which there exist the real numbers a, b and c satisfying 0 ≤
a < 1, 0 < b, c < 1/2, such that for each pair x, y in X, at least one of
the following is true:
(z1) d(Tx, Ty) ≤ a d(x, y);
(z2) d(Tx, Ty) ≤ b
[
d(x, Tx) + d(y, Ty)
]
;
(z3) d(Tx, Ty) ≤ c
[
d(x, Ty) + d(y, Tx)
]
.
Then T is a Picard operator.
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Other important contractions conditions in this family are due to
L. B. C´iric´, see [36]-[43]. We give here one of the most general ones:
for all x, y ∈ X ,
d(Tx, Ty) ≤ hmax
{
d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)
}
,
(5)
where 0 < h < 1. For the impressive rich literature on this area, we
refer to the monographs [12], [61], [68]-[71], [75], and references therein.
On the other hand, the first author, in a very recent paper [21] in-
troduced the technique of enrichment of contractive mappings, which
was then successfully used for the class of strictly pseudo-contractive
mappings [22], to Picard-Banach contractions [28] and to Kannan con-
tractions [29].
Starting from this background, the aim of this article is to apply
the technique of enrichment of contractive type mappings to the class
of Chatterjea mappings. For this new class of mappings we prove a
fixed point theorem and show that their fixed points can be approx-
imated by means of suitable Krasnoselskij iteration rather than by
Picard iteration. This is the reason why we are working in a Banach
space, while most of the fixed point results existing in literature for
Chatterjea mappings are stated in the setting of a metric space or of a
generalized metric space.
Examples to illustrate the relationship between enriched Banach
contractions and enriched Kannan contractions, by one side, and the
class of enriched Chatterjea contractions are also given. Our results
are very general and include as particular cases most of the fixed point
results established so far for Chatterjea mappings.
2. Approximating fixed points of enriched Chatterjea
mappings
Definition 1. Let (X, ‖ · ‖) be a linear normed space. A mapping
T : X → X is said to be an enriched Chatterjea mapping if there exist
b ∈ [0, 1/2) and k ∈ [0,∞) such that
‖k(x− y) + Tx− Ty‖ ≤ b [‖(k + 1)(x− y) + y − Ty‖+
+‖(k + 1(y − x) + x− Tx‖] ‖, ∀x, y ∈ X. (6)
To indicate the constants involved in (6) we shall call T a (k, b)-enriched
Chatterjea mapping.
Example 1.
All Banach contractions with constant c <
1
3
, all Kannan map-
pings with contraction constant a <
1
4
and all Chatterjea mappings are
enriched Chatterjea mapping, i.e., they satisfy (6) with k = 0.
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Indeed, if T satisfies (2) with c <
1
3
, then we have
d(Tx, Ty) ≤ c [d(x, Ty) + d(Ty, Tx) + d(Tx, y)]
which yields the inequality
d(Tx, Ty) ≤
c
1− c
[d(x, Ty) + d(Tx, y)] .
As c <
1
3
implies
c
1− c
<
1
2
, this proves the first assertion.
Similarly, if T is a Kannan mapping satisfying (3) with constant
a <
1
4
, then we get
d(Tx, Ty) ≤
a
1− 2a
[d(x, Ty) + d(Tx, y)] ,
with
a
1− 2a
<
1
2
.
Example 2. Let X = [0, 1] be endowed with the usual norm and
T : X → X be defined by Tx = 1−x, for all x ∈ [0, 1]. T is nonexpan-
sive (it is an isometry), T is not a Banach contraction (see [28]) or a
Kannan mapping (see [29]). Moreover, T is not a Chatterjea mapping
but is an enriched Chatterjea mapping.
Indeed, if T would be a Chatterjea mapping, then there would exist
b ∈ [0, 1/2) such that ∀x, y ∈ [0, 1],
|x− y| ≤ 2b · |x+ y − 1|,
which, for x = 0 and y = 1 yields the contradiction 1 ≤ 0.
The enriched Chatterjea condition (6) is in this case equivalent to
|(k−1)(x−y)| ≤ b [|(k + 1)x− (k − 1)y − 1|+ |(k + 1)y − (k − 1)x− 1|] .
(7)
Having in view that
2k|x− y| = |[(k + 1)x− (k − 1)y − 1]− [(k + 1)y − (k − 1)x− 1]|
≤ |(k + 1)x− (k − 1)y − 1|+ |(k + 1)y − (k − 1)x− 1|,
in order to have (7) satisfied for all x, y ∈ [0, 1], it is necessary to have
|k − 1|
2k
≤ b, for a certain b ∈ [0, 1/2).
The only possibility is to have k < 1 when, by taking
1− k
2k
= b
say, one obtains k =
1
b+ 2
. Therefore, for any b ∈ [0, 1/2), T is a(
1
b+ 2
, b
)
-enriched Chatterjea mapping and Fix (T ) =
{
1
2
}
.
Example 3. Any of the mappings T in Examples 1.3.4, 1.3.5 and 1.3.7
in Pa˘curar [61] are discontinuous enriched Chatterjea mappings, being
simple Chatterjea mappings.
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Remark 2.1. We note that for T in Example 2, Picard iteration {xn}
associated to T , that is, xn+1 = 1 − xn, n ≥ 0, does not converge for
any x0 different of
1
2
, the unique fixed point of T .
This situation is common for nonexpansive mappings and suggests
us the need to consider more elaborate fixed point iterative schemes in
order to approximate fixed points of enriched Chatterjea mappings.
Theorem 2. Let (X, ‖ · ‖) be a Banach space and T : X → X a
(k, b)-enriched Chatterjea mapping. Then
(i) Fix (T ) = {p};
(ii) There exists λ ∈ (0, 1] such that the iterative method {xn}
∞
n=0,
given by
xn+1 = (1− λ)xn + λTxn, n ≥ 0, (8)
converges to p, for any x0 ∈ X;
(iii) The following estimate holds
‖xn+i−1− p‖ ≤
δi
1− δ
· ‖xn − xn−1‖ , n = 0, 1, 2, . . . ; i = 1, 2, . . . (9)
where δ =
b
1− b
.
Proof. For any λ ∈ (0, 1) consider the averaged mapping Tλ, given by
Tλ(x) = (1− λ)x+ λT (x), ∀x ∈ X. (10)
It easy to prove that Tλ possesses the following important property:
Fix( Tλ) = Fix (T ).
If k > 0 in (7), then let us take λ =
1
k + 1
. Obviously, we have
0 < λ < 1 and thus the contractive condition (4) becomes∥∥∥∥
(
1
λ
− 1
)
(x− y) + Tx− Ty
∥∥∥∥ ≤ b
[∣∣∣∣1λ(x− y) + y − Ty
∣∣∣∣
+
∣∣∣∣1λ(y − x) + x− Tx
∣∣∣∣
]
, ∀x, y ∈ X,
which is equivalent to
‖(1− λ)(x− y) + λ(Tx− Ty)‖ ≤ b [‖x− y + λ(y − Ty)‖+
+‖y − x+ λ(x− Tx)‖] , ∀x, y ∈ X,
and the last one inequality can be written in a simpler form as
‖Tλ(x)− Tλy‖ ≤ b [‖x− Tλy‖+ ‖y − Tλx‖] , ∀x, y ∈ X, (11)
with b ∈ [0, 1/2).
The above inequality shows that Tλ is a Chatterjea contraction in
the sense of (4).
6 Ma˘da˘lina PA˘CURAR
According to (10), the iterative process {xn}
∞
n=0 defined by (8) is
the Picard iteration associated to Tλ, that is,
xn+1 = Tλxn, n ≥ 0.
Take x = xn and y = xn−1 in (11) to get
‖xn+1 − xn‖ ≤ b (‖xn − xn‖+ ‖xn−1 − xn+1‖)
≤ b (‖xn−1 − xn‖+ ‖xn − xn+1‖) ,
which yields
‖xn+1 − xn‖ ≤
b
1− b
‖xn − xn−1‖, n ≥ 1.
Since 0 < b <
1
2
, by denoting δ =
b
1− b
, we have 0 < δ < 1 and
therefore the sequence {xn}
∞
n=0 satisfies
‖xn+1 − xn‖ ≤ δ‖xn − xn−1‖, n ≥ 1. (12)
By (12) one obtains routinely the following two estimates
‖xn+m − xn‖ ≤ δ
n ·
1− δm
1− δ
· ‖x1 − x0‖, n ≥ 0, m ≥ 1. (13)
and
‖xn+m − xn‖ ≤ δ ·
1− δm
1− δ
· ‖xn − xn−1‖, n ≥ 1, m ≥ 1. (14)
Now, by (13) it follows that {xn}
∞
n=0 is a Cauchy sequence and hence
it is convergent in the Banach space (X, ‖ · ‖). Let us denote
p = lim
n→∞
xn. (15)
We first prove that p is a fixed point of Tλ. We have
‖p−Tλp‖ ≤ ‖p−xn+1‖+‖xn+1−Tλp‖ = ‖xn+1−p‖+‖Tλxn−Tλp‖. (16)
By (11) it results that
‖Tλxn − Tλp‖ ≤ b [‖xn − Tλp‖+ ‖p− Tλxn‖] ,
and therefore, by (16) one obtains
‖p− Tλp‖ ≤ (b+ 1)‖xn+1 − p‖+ b [‖xn − p‖+ ‖p− Tλp‖] ,
which finally yields
‖p− Tλp‖ ≤
b+ 1
1− b
· ‖xn+1 − p‖+ δ‖xn+1 − p‖, n ≥ 0. (17)
Now, by letting n→∞ in (17) we get ‖p− Tλp‖ = 0, that is, p = Tλp.
So, p ∈ Fix (Tλ).
We now prove that p is the unique fixed point of Tλ. Assume that
q 6= p is another fixed point of Tλ. Then, by (11)
‖p− q‖ ≤ 2b · ‖p− q‖,
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which yields the contradiction 1 ≤ 2b < 1. Hence Fix (Tλ) = {p} and
since Fix (T ) = Fix( Tλ), claim (i) is proven.
Conclusion (ii) now follows by (15).
To prove (iii), we let m→∞ in (13) and (14) to get
‖xn − p‖ ≤
δn
1− δ
· ‖x1 − x0‖, n ≥ 1 (18)
and
‖xn − p‖ ≤
δ
1− δ
· ‖xn − xn−1‖, n ≥ 1, (19)
respectively. Now we can merge (18) and (19) to get the unifying error
estimate (9).
The remaining case k = 0 is similar to k 6= 0 with the only differ-
ence that in this case λ = 1 and hence we work with T = T1, when
Kasnoselskij iteration (8) reduces to the simple Picard iteration
xn+1 = Txn, n ≥ 0.

Remark 2.2. 1) It is well known, see for example Berinde [12], that
any Chatterjea mappings is a strictly quasi contractive mapping, that
is
‖Tx− p‖ ≤ θ · ‖x− p‖, ∀x ∈ X, p ∈ Fix (T ), (0 < θ < 1).
On the other hand, T in Example 2 is nonexpansive, which is not
strictly quasi contractive. So, enriched Chatterjea mappings forms a
larger class of mappings than the class of strictly quasi contractive map-
pings.
2) In the particular case k = 0, by Theorem 2 we get the classical
Chatterjea fixed point theorem in the setting of a Banach space.
3. Approximating fixed points of enriched Chatterjea
type mappings
In the renown Rhoades’ classification of contractive conditions [65],
Banach contraction condition (2) is numbered (1), Kannan contraction
condition (3) is numbered (4), while Chatterjea contraction condition
(4) is numbered (11). The next contraction condition, numbered (12),
is the following one:
d(Tx, Ty) ≤ hmax
{
d(x, Ty), d(y, Tx)
}
, ∀x, y ∈ X. (20)
where 0 < h < 1.
It is clear that Chatterjea contraction condition (4) implies (20)
but the reverse is not true as shown by the next example.
Example 4. Let X = [0, 1] be endowed with the usual norm and T :
X → X be defined by Tx = 0, if x ∈ [0, 1) and T (1) =
1
2
. Then T
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satisfies (20) but does not verify (4). Indeed, for x ∈ [0, 1) and y = 1
condition (20) reduces to∣∣∣∣0− 12
∣∣∣∣ ≤ hmax{|x− 12 |, |1− 0|
}
= h,
which is true for any h satisfying
1
2
≤ h < 1. On the other hand, sup-
pose T satisfies Chatterjea contraction condition (4). Then, by taking
x =
1
2
and y = 1 in (4) we get∣∣∣∣0− 12
∣∣∣∣ ≤ b
[∣∣∣∣12 −
1
2
∣∣∣∣ + |1− 0|
]
⇔
1
2
≤ b <
1
2
,
a contradiction.
So, the previous example motivates us to consider the next defini-
tion.
Definition 2. Let (X, ‖ · ‖) be a linear normed space. A mapping
T : X → X is said to be an enriched Chatterjea type mapping if there
exist k ∈ [0,∞) and h ∈ [0, 1) such that
‖k(x− y) + Tx− Ty‖ ≤ hmax {‖(k + 1)(x− y) + y − Ty‖,
‖(k + 1)(y − x) + x− Tx‖} , ∀x, y ∈ X. (21)
To indicate the constants involved in (21), we shall also call T as a
(k, h)-enriched Chatterjea type mapping.
Example 5.
(1) If k = 0 then by (21), we obtain the original Chatterjea type
contractions. Hence, any Chatterjea type contraction is a (0, h)-enriched
Chatterjea type contraction.
(2) Any (k, a)-enriched Chatterjea contraction is a (k, h)-enriched
Chatterjea type contraction, with h = 2a, in view of the inequality
u + v ≤ max{u, v}. This implies that the nonexpansive map given in
Example 2 is a (2(1− a), 2a)-enriched Chatterjea type contraction, for
any a ∈ (0, 1/2). For this mapping, as shown in the previous section,
Picard iteration does not converge, in general.
Fixed points of strictly enriched Chatterjea type mappings can be
approximated by Krasnoselskij iterative method, as shown by the next
theorem.
Theorem 3. Let (X, ‖ · ‖) be a Banach space and T : X → X a
(k, h)-enriched Chatterjea type mapping. Then
(i) Fix (T ) = {p};
(ii) There exists λ ∈ (0, 1] such that the iterative method {xn}
∞
n=0,
given by
xn+1 = (1− λ)xn + λTxn, n ≥ 0, (22)
converges to p, for any x0 ∈ X;
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Proof. Like in the proof of Theoem 2, for any λ ∈ (0, 1), we consider
the averaged mapping Tλ, given by
Tλ(x) = (1− λ)x+ λT (x), ∀x ∈ X, (23)
which is known to have the property Fix( Tλ) = Fix (T ).
If k > 0 in (21), then let us denote λ =
1
k + 1
∈ (0, 1). Thus the
contractive condition (21) becomes∥∥∥∥
(
1
λ
− 1
)
(x− y) + Tx− Ty
∥∥∥∥ ≤ hmax
{∥∥∥∥1λ(x− y) + y − Ty
∥∥∥∥ ,
∥∥∥∥ 1λ(y − x) + x− Tx
∥∥∥∥
}
, ∀x, y ∈ X.
which can be written in an equivalent form as
‖(1− λ)(x− y) + λ(Tx− Ty)‖ ≤ hmax {‖x− y + λ(y − Ty)‖,
‖y − x+ λ(x− Tx)‖} , ∀x, y ∈ X.
The last inequality expresses the fact that Tλ is a Chatterjea type
contraction, i.e.,
‖Tλx− Tλy‖ ≤ hmax {‖x− Tλx‖, ‖y − Tλy‖} , ∀x, y ∈ X. (24)
Now, apply C´irc´ fixed point theorem for quasi-contractions (see [38])
to get the conclusion.
The remaining case k = 0 is also similar to k 6= 0 with the only
difference that now λ = 1 and hence we shall work with T = T1, when
Kasnoselskij iteration (6) reduces to the simple Picard iteration, We
apply directly to T C´irc´ fixed point theorem for quasi-contractions (see
[38]). 
4. Conclusions
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